BIFURCATION AND HAUSDORFF DIMENSION IN FAMILIES OF 
CHAOTICALLY DRIVEN MAPS WITH MULTIPLICATIVE FORCING 
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Abstract. We study bifurcations of invariant graphs in skew product dynamical systems 
driven by hyperbolic surface maps T like Anosov surface diffeomorphisms or baker maps 
and with one-dimensional concave fibre maps under multiplicative forcing when the forcing 
is scaled by a parameter r = e - *. For a range of parameters two invariant graphs (a trivial 
and a non-trivial one) coexist, and we use thermodynamic formalism to characterize the 
parameter dependence of the Hausdorff and packing dimension of the set of points where both 
graphs coincide. As a corollary we characterize the parameter dependence of the dimension 
of the global attractor At- Hausdorff and packing dimension have a common value dim(.4 t ), 
and there is a critical parameter 7" determined by the SRB measure of T^ 1 such that 
dim(^li) = 3 for t < 7<T and t <-¥ dim(.A t ) is strictly decreasing for t G [7<r,7max)- 



1. The general setting and a review of main results 

In this paper we study bifurcations in skew product dynamical systems driven by a basis dy- 
namical system (0, B, T), where (G, B) is a measurable space and T : — > a bi-measurable 
map. We denote the set of T-invariant probability measures and its subset of ergodic mea- 
sures by Vt{&) and St{&), respectively. For the sake of simplicity, we will use the notation 
IX (^) : = J Q t(jdfi for fj, G V T (@) and V G C(0; HI). We also denote R^ := [0, 00). 

1.1. The skew product system. For each parameter t G R we define a skew-product 
transformation 

TcexE^exE^, T t (e, x ) •.= {to, f t (e, x )) , 

with a fibre function 

ft : 6 x % -> f t (9, x) := e-tgWhix) 

where 

> h G C^R^jR) is strictly concave with h(0) = 0, h'(x) > for x > 0, h'(0) = 1, and 
]\ m Me) - n 

> g : — > (0, 00) is bounded and measurable. 

For n ^ 2 we define iteratively /" : x R^ — >• Rj> and T t : x R^ 40x R^, 

(0, x) := / t (T^e, /r 1 (0, *)) and (0, x) := T t (if" 1 (0, s)) . 
Remark 1. The following properties are easily verified: 
Daie: August 30, 2012. 

2010 Mathematics Subject Classification. 37D20, 37D35, 37G35, 37H20. 

Key words and phrases. Skew product, global attractor, strange invariant graph, bifurcation, Hausdorff 
dimension. 

This work is funded by DFG grant Ke 514/8-1. The authors thank B. Saussol and J. Schmeling for valuable 
help on some questions concerning the multifractal analysis of Birkhoff averages. 

1 



2 



GERHARD KELLER AND ATSUYA OTANI 



a) T? (9, x) = {T n 6, f? (9, x)) for (0, x) G 6 x R^ and n G N . 

b ) icft {0, x)>0 and jgr/f (0, x) < for all (0, x) G 9 x (0, oo) and n G N. 

c) For each t G 1R there is M t > such that f t (9, M t ) < M t for all 6 G 0. 

1.2. The maximal invariant function ^ and its zero set A^. A function </? : G — ¥ R is 
invariant (or more precisely Ti-invariant), if 

T t (9, <p(0)) = (TO, <p(T9)) or, equivalent^, f t (9, <p(9)) = <p (TO) , 

for all 9 G 0. The function <p = is always invariant. We call its graph <3?basc = {{&, 0) : 9 G 6} 
the baseline of the skew product system. 

Since our fibre maps are monotone and strictly concave, this skew-product system possesses 
at most two essentially different measurable invariant functions, among them the maximal 
one, as the following lemma shows. 

Lemma 1. a) For t G R the maximal Tf -invariant function (ft : — > R^ ; 

<p t (9) := lim ^ n (9) = m{^ n (9), (1) 

n— »oo n 

is well defined where ipt,n(9) := /" (T~ n 9, M t ). It is indeed maximal, i.e. for every T t - 
invariant function if we have that ^ <p (9) ^ <pt (9) for all 9 G 0. Its graph is denoted by 
<S> t :={(9,<p t (9)):9£Q}. 
b) Let <p be a measurable T-invariant function. Then we have for every fi G £y(0) 

ip = n-a.e. or if = (ft fJ>-a.e. (2) 

The proof of part a) of this lemma is identical to the one in [5l pp. 144-145], while part b) 
is contained in [51 Lemma 1]. Observe that in that reference the base system is an irrational 
rotation on T , but only the invertibility and the ergodicity of the invariant (Lebesgue) 
measure are used for the proofs. 

Depending on the stability properties of the fibre maps at x = relative to a measure 
\i G £t(Q), the maximal invariant function (ft may be identical to zero, strictly positive, or - 
and this is the most interesting case - it may have zeros without being identical to zero. 

In this note we describe the measure theoretical and topological properties of the sets 

N t :={9ee:<p t (9) = Q}, (3) 

quantify the size of these sets in terms of their dimension and study the dependence of the 
dimension on the parameter t. 

Remark 2. The following properties are immediate consequences of the definitions. 

a) (ft is measurable. In particular, N t G B. 

b) N t is invariant under T, i.e. T (N t ) = N t = T" 1 (Nt). 

c) For t < s we have <pt (9) ^ <p s (9) for all 9 G 0, whence N C A^. We say therefore that 
the family (Nt)teM. is a filtration. 

Remark 3. The set At '■= {(9, x) : ^ x ^ ipt(0)} is the global attractor of the map Tt- It is 
bounded from above by the upper bounding graph §f As each ergodic T^-invariant probability 
measure is supported by an invariant graph [1] Theorem 1.8.4(iv)], Lemma [T] shows that it is 
supported by $t or by the baseline $base- 

In view of the filtration property of the sets (Nt)t£R it is natural to define, for each 9 G 0, 
a critical parameter t c (9) by 

t c (9) :=w£{t eR:<p t (0) = 0} . (4) 
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Because of Remark 1 3) we have t c (9) = sup{i G EL : </?t(0) > 0}, and for each t G EL 

5 t := {9 G 6 : t c (0) = t} = pi iV t » \ |J A^,. (5) 

t">t t'<t 

As the baseline itself is a trivial invariant graph, these points can be understood as bifurcation 
points of invariant graphs. 



1.3. The plan of this note. In section 2.1 we characterize the sets A^ and St in terms of 
Birkhoff averages 

1 n 

T{9) := lim inf - V log g(T~ k 9) (6) 

k=l 

which are closely related to the system's fibre-wise lower backwards Lyapunov exponents at 
the baseline. The main results are: 

> {T <t}CN t Q{T^t} and S t = {F = t}. 

> n(S t \N t ) = for each p G V T {®)- 

In section 2.2 we characterize the same sets for each [i G £t(@) in terms of the averaged 
quantity 



7(M) := / log gdii. (7) 

By Birkhoff's ergodic theorem, 7(/i) = T(9) for /x-a.e. 0. The main observations are 

> fJ>(N t ) = 1 if and only if 7(/i) ^ t and 

> jU(S't) = 1 if and only if 7(/x) = t. 

Finally, in section [3j we determine the Hausdorff dimensions dim# and packing dimensions 
dim p of the sets Nt and St for topologically mixing Anosov surface diffeomorphisms and baker 
maps using thermodynamic formalism. Define 

7min := inf 7 (fi) and j max := sup 7 (/x) . (8) 

In the Anosov case the main result reads: suppose 7 m i n < 7max and denote by 7" := ^(ij-sub) 
the average exponent of the SRB meaure of T _1 . There is a real analytic function D : 
(7min, 7max) [0, 1] such that L> (7-) = 1, D" (7-) < 0, 

w \ < for f G (7 C , 7 max ) ' 

> dim H (N t ) = dim H (S t ) = D (t) + 1 for t G (7min, 7c ). 

> dim H (e \ N t ) = dim H (S t ) = dim P (9 \ N t ) = D(t) + 1 for t G (7 c ",7max), and 

> dimp(A^) = 2 > dimfr(JV t ) for t G (7min,7 c ~)- 
A number of proofs are deferred to section [4j 

2. Characterization of the sets N t and S t in terms of Lyapunov exponents 

2.1. The sets A^ and St via fibre-wise Lyapunov exponents. Recall that (pt is defined 
in ([I]) as a pullback limit. Therefore it is natural to characterize its zeros in terms of the 
fibre-wise lower backwards Lyapunov exponents at the baseline 



Tt(9) := lim inf — log 

n— >oo n 



l x ft(T~ n 9,x) lx=0 



F(9)-t. (9) 
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The following characterization of the set St in terms of T(6) is an essential point of this note. 
Under additional hyperbolicity assumptions it will be the key to a multifractal bifurcation 
analysis of the family (ftjteR- 

Theorem 1 (iVj and St via trajectory- wise Lyapunov exponents). Let t G R and 9 G 0. 

a) If 9(£ N t , then T(9) ^ t, i.e. T t (9) ^ 0. 

b) 1/0 G N t , then T(9) sC t, i.e. Y t {6) sC 0. 

c) T(9) = t c (6) and S t = {6 £ O : T(9) = t} = {9 G 9 : T t (9) = 0}. 

Although we have no proof, we do not believe that St Q Nt. Instead we have the following 
characterization of points in St \Nt- 

Proposition 1 (Characterization of St \ N t ). Let t£l and 9 G G. Then 9 G St \ Nt if and 

only if 



Y J <Pt{T- k 9) + \\ogvt{T-^9)\=o{t i ) 



(10) 



fc=l 



along some subsequence 

The proofs of Theorem [T] and Proposition [T] are provided in section 4.1 
Corollary 1. fj,(S t \ N t ) = for each \i G V T {&) and t G R. 
Proof. As St \ Nt is T-invariant and as ^ ipt ^ Mt, Proposition [T] implies 

1 ^* 

/ ip t dfi = lim 7 V^o T~ fc d/J, = , 

Js t \N t »-"» JSt\N t *i ^ 

and as > on St\ Nt, it follows that //(St \ At) = 0. 



(11) 



□ 



2.2. The sets At and St via average Lyapunov exponents. With respect to any invariant 
measure /i G 7-^(0) we define the average fibre-wise Lyapunov exponent at the baseline by 

^/t(-,aO |!B= o dn = 'y(p)-t. 



It (m) == / log 



We note that 



r(0)d/i(0) 



log gdfi = j(fi) 



(12) 
(13) 



follows from Birkhoff's ergodic theorem, because | logc/| is bounded by assumption. 



Corollary 2 (At and St via average Lyapunov exponents). For [i G Vt{@) i G R we 
/iai>e: 

If n{N t ) = 0, then 7t(/i) > 0, i.e. 7(^4) > t. 
ft) Iffi(Nt) = I, then 7t (/x) < 0, i.e. 7 (/i) < t. 

For ergodic \x both implications are equivalences and, furthermore, 

c) [A (St) = 1 for t = 7 (fi), and /i (St) = otherwise. 



Proof, a) If 9 G \ Nt for /i-a.e. 9, then Tt(0) ^ for /i-a.e. by Theorem 1 1), and as 
n(St) = n(St \ At) = by Corollary [TJ Tt(0) > for /i-a.e. by Theorem 1 Hence 
7t(/x) > 0. b) If G Af for /i-a.e. 0, then r t (0) ^ for /x-a.e. by Theorem 1 )|, so that 
7t(A0 < 0. 
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If fi is ergodic, the cases a) and b) are exhaustive so that we have equivalences, and 



claim c) follows from Theorem ] since T (9) = 7 (/i) for ^ a.e. 9 G O due to Birkhoff's 
ergodic theorem. □ 

Let r»(#) := ^£Li lo g5( r ~ fc6 so that r(0) = lim inf n _K>o T^ n \0). Inspired by the 



representation of St as {9 G O : = t} from Theorem 1 ;) we define the sets 

S' t ■ = \e G G : lim I» (0) = t) (14) 

and 



E! t :=\ee@: lim T (nfc) (0) = t for some (n fc )fc C n1 



(15) 



Observe that S' t C St ^ R' t . Both of these sets are very close to St in the following measure- 
theoretic sense. 

Corollary 3. For every fj, G £r(@) «^ i£E« /toue /i (St \ S' t ) = and /i (R' t \ St) = 0. 



Proof. From Theorem 1 ;), Corollary [^pj) and Birkhoff's ergodic theorem we conclude that 
H (S t ) = \i (S[) = fi (R't) = 1 for t = 7 (//) and that /x (5 t ) = /J (S' t ) = \i (R' t ) = for t + 7 (//). 
Thus, the differences are always sets of measure zero. □ 

From now on let be a compact metrizable space, T : — > a homeomorphism, 5 : — >■ 
(0,oo) continuous, and B the Borel a-algebra on 0. Then ipt is upper-semi-continuous as an 
infimum of continuous functions. In particular, Nt is a G^-set. 

Corollary 4. Under these topological assumptions: 

a) N t = V> for t < 7 min . 

b) / N t and N t / /or 7 min ^ t < 7 max . 
c; n(N laux ) = lfor all ^er^e). 

d) N t = e forty 7max . 

Proof. The semi- uniform ergodic theorem |1Q|, Theorem 1.9] yields '"/min < T(8) ^ 
all 6 G 0, whence a) and d) follow from Theorem [T] Corollary [2] shows that Nt = implies 
t < j(fj) for each /j G ^(0); in particular t < 7 m i n , and that Nt = implies £ ^ 7max- This 
shows assertion b). Finally, let /i G ^(0)- As /x (5 7max \ Af 7max ) = by Corollary [TJ we have 

A* (VJ = A 4 U 5 7max ) = /i (n<> 7max #t) =//(©) = 1, where we used d) for the third 

identity. This proves c). □ 

Remark 4. We do not know whether -/V 7max = 0. 

3. Dimensions of the sets N t and S t for hyperbolic systems 

Let be a 2-dimensional compact Riemannian manifold, T : — > a topologically mixing 
C 2 -Anosov diffeomorphism, and g : — > (0, 00) a Holder continuous function. Denote by 
TgQ = E s (9) © E u (9) the splitting of the tangent fibre over 9 G into its stable and 
unstable subspaces, see [21 E] for details. In the following, the Hausdorff dimension dim^ and 
the packing dimension dimp are defined w.r.t. the associated Riemannian metric. We refer 
to [1] for their definitions. 

Remark 5. As a lower backward ergodic average, r : — > 1R is constant along unstable 
manifolds. Therefore the sets St and S' t are unions of unstable manifolds, see Theorem [TJ 
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The map T 1 has a unique (and hence ergodic) Sinai-Ruelle-Bowen measure ^ SRB charac- 
terized by 

M/W+MsrbOoS 11^1^11)= SU P {hr(j*) + nQog\\dT\E'\\j)=Q, (16) 

see [31 section 4B]. We define the critical parameter 7" := 7(^srb)- ^ ^ s * ne "physical" or 
"observable" critical parameter of the family (Tt)t£iR, in the sense in which the SRB measure 
is often called a physical or observable measure, see Remark [7] for more details. 

Theorem 2. Suppose that j m i n < 7max so that log g is not cohomologous to a constant. Then 



d\m. H (N t ) = dinitf(Si) = D(t) + 1 for t G (jmin, 7c 

dim H (G \ N t ) = dim H (S t ) = dim P (9 \ N t ) = D(t) + 1 forte [7", 7 max) 



with 



D(t) := max { ^ ^ a : M € 7>t (6) and /i (log 5 ) = t| . (17) 

Furthermore, D : (7 m i n , 7max) — > [0, 1] is a reaZ analytic function with D (7^) = 1, -D" (7^) < 
and 

>0 /or t G (7min 5 7c") 
< forte (% , 7max) 



D' (t) 



In addition, there is a unique equilibrium state fit G £t(&) such that D{t) = Mt (_ log ||dT|E a ||) > 
Ht(S t ) = 1 and dim H (fi t ) = D(t) + 1. 

Remark 6. In general one cannot expect that D is concave on (7min,7max), as is illustrated 
by [21 Proposition 9.2.2]. 

Corollary 5. dim. P (N t ) = 2 > dim H (N t ) for t G (7min,7<r)- 

Proof. As T : G — > 6 is topologically transitive, the set Nt is a dense G^-set by Baire's 
category theorem, unless it is empty. Thus, dimp(A^) = 2 = D( r y~) + 1 > dim#(iVt) for 

t G (7min,7 c T)- D 



Remark 7. The forward SRB measure /-tgi^, defined as in (16) but with — log \\dT \E U 



instead of log \\dT \E S ||, defines another critical parameter 7+ := 7(Mg R B)- The forward and 
backward SRB measure coincide if and only if they are both absolutely continuous w.r.t. the 
volume measure [3J section 4C] . Otherwise one can typically expect that 7+ 7^ j~ . 

If 7- < t < 7+, then dimp(6 \ N t ) = D(t) + 1 < 2. In particular, N t C 6 has full 
volume such that the global attractor At Q © x has volume 0. At the same time, the 
fibre-wise forward Lyapunov exponent at the base satisfies lim n _ s . 00 ^ log | ^/"(^, ar) i a:== o I = 
J log I Jj/t(#, x )\x=o\ ^Msrb = 7^ — * > for a - e - ^6 w.r.t. the volume measure [3J section 
4C]. 

If 7+ < t < 7", then dinifl-(A^) = D(t) + 1 < 2. In particular, JV( C has zero volume. 
But now the fibre-wise forward Lyapunov exponent at the base is strictly negative so that 
the concavity of the fibre maps implies that lim n _ 5 . 00 f[ l (6,x) = for a.e. 6 £ w.r.t. the 
volume measure and all x G R^. 

Theorem 3. Suppose that j m i n < 7max so that log g is not cohomologous to a constant. Then 

dxm H (At) = dimp(A) =3 for t G (7mm, 7c~] i 

dim H (A) = dimp(A) = D(t) + 2 /or t G [7j,7 ma x) • 
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Figure 1. The function D{t) for a baker map with a = 0.45 and g(u,v) 

1.001 + C0S(27TU). 



Remark 8. Theorem |2| remains true also for Baker maps B a : [0,1] 2 -»• [0,1] 2 for a G (0,1), 

f f~, at>) for u < a 

B a (u,v) := >:_/ x . (18) 

I I fzf > a + (1 ~~ a ) u ) for u ^ a 



In this case /^ SRB = A*srb = 777-2 (* ne Lebesgue measure on [0, l) 2 ) so that 7 C = 7^ 
J log 5 cim 2 , and 



log \\dB a \E S || = log (al[o,a)x[o,i) + (1 - a)t[ a . 



l)x[0,l)J 



The reason that the same (indeed, even much simpler) arguments apply is essentially that 
the discontinuity line is the boundary of a Markov partition. So there are no additional 
difficulties passing from the symbolic to the (piecewise) smooth system, see also [9]. 

Remark 9. For a baker map with a = 0.45 and for g(u, v) = 1.001 + cos(27rv) we determined 
D(t) numerically, see Figure § The seeming discontinuities at 7 m ; n and 7 max ar e numerical 
artefacts due to the fact that only trajectories of length N = 21 were used to approximate 
the equilibrium states 

In order to see that the limits of D(t) for t — > 7mm /max are indeed zero, it suffices to 
show that all /x £ Vt(@) which minimize or maximize ^(logg) have entropy hx{^) = 0, 
because then \vmt-^ lmiu , ^ hxifH) = due to the upper semicontinuity of fiT, and so also 
limt_>. 7mln , max D(t) = 0, because the Lyapunov exponents of all fit are uniformly bounded 
away from zero. For t — > 7 max this yields a full proof, because it is easily seen that only the 
point masses in the fixed points (0, 0) and (1, 1) maximize //(log g), and so lim t ^ 7max D(t) = 
0. For t -> 7 m i n the situation is less clear. There is numerical evidence (no proof) that 
the equidistribution on a 3-cycle minimizes ^(log^f). If this is indeed the case, then also 
lini£_> 7min D(t) = 0. See also [7] for more details. 
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4.1. Proofs from section [2j Let (ipt,n)n^o an d Mt > be as defined in Lemma [TJ and 
denote gt := eT l g. 

Proof of Theorem^ a) Let 9 G such that 1^(0) < 0. There are 5 > and integ 
ni < ri2 < • • ■ such that 



;crs 



dx 



ft J (T~^0,x) lx=o = H gt (T-^)^e 



■Srii 



(19) 



8=1 



for all j G N. As ^/ t " j {T~ n iQ, x) < for all a; G (0, oo) (cf. Remark [l}, we have 
b) Let 9 G such that r t (0) > 0. There are 5 > and C > such that, for all n G N , 



> Ce 5n . 



(20) 



i=l 



(21) 



For a contradiction, suppose (ft (9) = 0. Let eo > and no G N such that 

inf h ^ ^ e" 5 and Wo (<?) < • 

a;e(0,e ) X 

Let k(n) := maxjfc ^ n : ft (T~ n 9, Mt) ^ £o}- As A;(n) < n if n no, we have for 
j G {0, . . . , n — k (n) — 1}, i.e. for n — j G {k (n) + 1, . . . , n}, 



f n-k(n)-j 
it 



T -n+k(n)^ \ ^ f n-k(n)-j r T - n +k(n) 9 jk{n) , T - n ^ Mi 



,M t ) < e . 



(22) 



Using now ( |22| ) with j = and then (21) and ( |22[ ) repeatedly, we obtain for n ^ no 

&,n(0) = ft(T~ n 9,M t ) 



= gt {t- 1 9) h ( /t "-M»)-i (r" +fc We )e o)) 

= g t (T- l 0) e- 5 g t (T~ 2 0) (#-*<»>-» (r^9, E o)) 
^ gt (T~ l Q) e- 5 g t (T~ 2 9) e -S f n-k(n)-2 ^ n+k(n) ^ ^ 



n—k(n) 

11 g t (T ■()) ] ( e - 6 r'-' /i! " 



With (20) and the first estimate of (21) we obtain from (23) 



and therefore <ft{9) ^ Ceq. This contradicts the assumption. 



(23) 
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c) This is a direct consequence of [a]) and[b]). 

□ 

Proof of Proposition [IJ 

Let 8 G \ Nf, i.e. (ft(0) > 0. By definition of the functions ipt,n we have 

iltM = g t (T- l 6) h^n-iiT^O)) 

so that 

log ilH, n (9) = \ogg t {T- l 9) + F(^,n-l(T-^)) + log ^n-i^O) (24) 

where H(x) := log(x^ 1 h(x)). As h is concave and h'(0) = 1, H extends to a decreasing 
function from [0, oo) to (-oo,0] with H(0) = and H'(0) = \h" (0) < 0. Iterating this 
identity ^ times (1 ^ I ^ n) yields 

log &,„(0) = ^ lo S 9t(T~ k 6) + ^ H(^ k (T- k 6)) + log ^^{T^Q) . (25) 
fe=i fc=i 
For fixed f eNwe get in the limit n — >• oo 

i i 
\ogy t {e) =J2^g9t(T- k e)+J2H(ft(T- k e)) + log<p t (T- e e). (26) 

k=l k=l 



Recall that 9e&\N t . Because of Theorem , 6 G S t if and only if J^Lj log g t (T- k 0) = 
o(£i) along some subsequence (^)ieN- In view of (26) this is equivalent to 

ti 

\H( V t(T- k 0))\ + | log MT~^e)\ = o(£i) . (27) 

k=l 

As H'(0) < 0, there is a constant C > such that 

C^ViC^) < < C<p t (T- k 6) (k^0), (28) 



so that (27) is equivalent to 

Y^y t {T- k 9) + \logtp t {T- l *0)\ = o{i i ). (29) 



k=l 



□ 



4.2. Proof of Theorem gj. 



Remark 10. We refer to [31 |6l [8] for the following well-known facts about topologically 
mixing Anosov diffeomorphisms: 

> The entropy function hr(-) ■ Vt(@) — > is upper semi-continuous, as T is expansive. 

> For Holder-continuous functions <j>,ip : G — > H the function 1 1— >■ P{t<j) + ip) is real analytic 
and strictly convex, unless (ft is cohomologous to a constant, where P(t(ft-\-tp) denotes the 
topological pressure of T for the potential t(j> + ip. 

We shall prepare three Lemmas, before we prove the theorem. In this section we assume 
that 7 m i n < 7 max . Recall that we defined D(t) as 

m = ™"{,SBib : " e ^< e) and = <} • (30 > 
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Lemma 2. dimji(S' t ) = D(t) + 1 for t £ (7min,7max)- Furthermore, there is a real analytic 
function q : (7min>7max) ~~ > K- such that for the unique equilibrium measure [it £ St(&) of the 
potential q(t) loggt — D(t) log ||dT|£' s || the following holds: 

M&) = 1. D (t)= ( i ii^i^iiv and dim H (^) = + 1. (31) 
^(-log||dT|.E s ||) 

Proof. For € denote by V^ c (0) the (suitably defined) local stable manifold of T through 
0. Then Theorem 12.2.2] asserts that dimjy = dim^(^ n Vj^fl)) + 1 for each 9 G S^. 
With the same argument as in [21 Example 7.2.5] one shows that dim/f^ n V^ c (#)) coincides 
with the M-dimension of S' t for the function u = — log ||dT|i£ s ||, and [21 Theorem 10.1.4] asserts 
that this li-dimension takes the value D(t). (For the application of this last theorem observe 
that all Holder potentials have a unique equilibrium state.) The assertions on q(t) and fit 
follow from [21 Theorems 10.1.4 and 10.3.1] together with Corollary [3j [21 Lemma 10.1.6] and 
its proof. □ 



D'(t) 



Lemma 3. D : (7 m in,7max) — > [0,1] is a real analytic function such that D( r y c ) = 1, 
D"{%) < and 

> forte (7min,7^) 
< fort £ (7 c ",7max) 

Proof of Lemma^ For this proof, we will extend the proof of [21 Theorem 10.3.1]: De- 
note (u,$) := (— log HdTl^ll, log g) and consider the real analytic function Q(5,q,t) := 
P (q(& — t) — 5u). In that proof it is shown that the equations 

Q(D(t),q(t),t)=0 

<§(D(t),q(t),t)=0 ™ 

determine a real analytic function (D,q) : (7 m in,7max) — > 1R 2 - These equations are further 
equivalent to 

' h T {lh) + IH{q{t)$ - D{t)u) = q(t)t 
A*t(*) =t ' { ' 

Differentiating the first equality of (32) with respect to t and using the second one, we obtain 

q(t) 

^(D(t),q(t),t) 



D'(t)= 9Q ,J,r ■ (34) 



Similarly, differentiating the second equality of (32) and using (34), we obtain 



From the second equality of (33) it follows fit(S' t ) = 1 by Birkhoff's theorem, whence 
IH (St) = 1 in view of Corollary [3 Moreover, from (33) we obtain 

D(t) = ^ . (36) 



Furthermore, from (|16|) we have 



Q (1,0, 7 C ) = P (-«) = h T (/x SRB ) - ^ SRB («) = 

f (1,0,7c") =^rb(v)- 7c" =0 ^ J 
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SO that 



(1,0,7c") = (^(7 c "),g(7 c ~) ) 7c") 



In view of (34), we have also 



D' ( 7 ,7) =0. 



Finally, differentiating (34) we obtain 



D"(t) 



8Q 

as 



(t) 



868q ^ 858t 



(dQ 
\ 88 



(38) 
(39) 

(40) 



where all partial derivatives are evaluated at (D(t), q(t),t). Observing that jnSt = and 



substituting (34) we obtain 
D"(t) = 



dQ 
85 



q '(t)-D\t)[D'(t) 



d8 2 



+ q{t) d5dq) 



(41) 



with all partial derivatives again evaluated at (D(t),q(t),t). As we assume that 7 m i n < 7 max , 
the map q h-> Q(5,q,t) is strictly convex (c.f. Remark 10). Hence, we obtain from (35) and 
((411) together with (|3~8|) and pi, 



i' he ) 



8? (M,7 C - 



> and D" {%) 



q' (7c 



^ (1 -7" 



< 0. 



(42) 



Now consider the curve C : (7, 



mm- ,'iuaxy 



[0,1] x R defined by C(t) = (D(t),q(t)). In 
view of (38) and the first inequality of (42) this curve runs across the point (1,0) in i = 7" 
from left to right. As sign (D'(t)) = — sign (q(t)) by (34), D'(t) can change its sign only when 
q(t) = 0, i.e. only if t = % and hence D(t) = 1. Therefore D'(t) > for t < 7" and D'(t) < 
for t > 7" . □ 



by 



Recall that for v G V(Q) the upper and lower point-wise dimensions at 9 G are defined 



5,(0) : = lim S u P l0g ^ (g ' r)) and d v {9) := liminf bg ^ r)) 
r _^0 logr ' r^o logr 



(43) 



If d;,(#) = d v {0), we denote this with d u (9). 

To formulate the next lemma we define the sets 



Nf := {9 G 9 : V (9) ^ t} and JV^ := lo G 9 : limsupr (n) (0) ^ tl . 



(44) 



Lemma 4. Ze£ t G (7min> 7max) • There is v t G "P (0) (which is in general not T-invariant) 
such that v t (S' t ) = 1 with the following properties: 

(1) d_ Vt (9) = D (t) + 1 for u t -a.e. 9 G 6, 

(0) < £> (i) + 1 /or eac/i G S[, 
(3) d Vt (9) < £> (t) + 1 /or eac/i G -R' t , 

(^ dj/ t (0) ^ D (t) + 1 for each 9 G N^- provided that t < 7", and 
f5j d„ t (9) ^ D(t) + 1 for each 9 G Nf provided that t>%. 
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Proof of Lemma^ We apply the very general result [21 Theorem 12.3.1] with slight modifi- 
cations. Here is a dictionary between our notation and the notation from [2]: 



Notation from [2] 


Our notation 


A, /, M 


e, r, v T (@) 




i 


7>+(.),V(-) 


1, 7(0 


$+, ¥+ 


1, log 5, 1 ; 1 


a, /3 


1, t 








1, £>(i) 


9 + , <T 


1, q(t) 



We note that the assumption a G int "P + (.M) of [21 Theorem 12.3.1] is not satisfied in our 
setting, as V + {M) = {1} = {a}. This assumption is only used to assure the existence of q + 
with the properties claimed in [21 Lemma 12.3.3]; but these properties are trivially satisfied 
in our case. 

Now we can conclude immediately from [21 Theorem 12.3.1] and Lemma [2] that 

v t (S' t ) = v t (K+nKJ) = l, (45) 

and 

d Ut (9) =D(t) + l for i/j-a.e. 9 G 9 , (46) 
d Ut (9) < D (t) + 1 for each 9 £ S' t , (47) 

as 

dim H (#+) + dimtfOKp - dim^(A) = dim H (S' t ) = D (t) + 1 . (48) 

For the remaining proofs of assertions (3) to (5) we must modify some arguments from [2] 
slightly: 

To (3) : We modify the proof of [21 Lemma 12.3.6] as follows. Since inequality (12.15) does 
no longer hold for all large n's, but still for infinitely many n's, several inequalities after the 
estimate (12.17) hold only for r's such that m (9, r) defined in (12.12) satisfies (12.15) in place 
of n. Choose a null sequence of r's in the above manner. Then we obtain the last two 

inequalities in the proof of Lemma 12.3.6 where both limits superior are replaced by the limits 
inferior. 

To (4) : We modify the proof of [21 Lemma 12.3.6] again. Let t G ( , Jmim%) sucn that 
q(t) < 0. Then, for 5 > and x( w ) £ there is a r(uS) G N such that for n > r (oj) 

<?(*) • E ( $S (V)^") "*) > -H<?(*)l- (49) 

fc=0 

Since we can obtain (12.17) from this estimate instead of (12.15), the proof is finished. 

To (5) : Let t G (7", 7max) such that q(t) > 0. As in the proof of (4), for 5 > and x ( w ) G Nf 



there is a r (w) G N such that (49) holds for n > r(ui), and again we can obtain (12.17) from 



this estimate instead of (12.15). □ 

Lemma 5. For t G (7min> 7max) we have dimp (S' t ) = dim/? (R' t ) = dimp (S' t ) = D (t) + 1. 
Furthermore, dimp(A^) = D(t) + 1 for t G (7mirn7^] and dimp (A^) = L> (i) + 1 /or 

* G [7<T,7max)- 
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Proof of Lemma^E} This follows from Lemma [4] with [21 Theorem 2.1.5] and [H Proposition 
2.3]. " □ 

Remark 11. Roughly speaking, each of the sets S' t and R' t is locally the product of a D(t)- 
dimensional subset of the local stable manifold and the complete local unstable manifold. 

Proof of the Theorem^ As S' t C St Q R' t , we obtain dim// (St) = D (t)+l for t G (7min 5 7max) 
from Lemma [5j For the remaining arguments observe also the monotonicity properties of 
t i—T- D(t) from Lemma [3j 

Let t G (7min,7 c ~]- Firstly, D(t) + 1 = lim t /^ D(t') + 1 = lim tVt dim H (S t ,) < dimpr(iV t ), 
as Sf C jV$. Secondly, from Theorem[l]we have iVj C {r ^ t} C R' t L)Nf. Thus, dimjf(iVt) ^ 
max{dimj/(i^), dim# (iVf )} = + 1, and it follows that dim H (N t ) = D(t) + 1. 

Now, let t G [7^,7max)- Firstly, D(t) + 1 = lim t »\ t D(t) + 1 = lim t »\^ dim^SV/) ^ 
dim//(© \N t ), as 5t« C Q \ N t . Secondly, from Theorem [l] we have \ N t C 7V^. Thus, 
dim^(e \ iV t ) ^ dimp(9 \ JV t ) <; dim P (iVf ) = D(t) + 1, and it follows that dim H (e \ N t ) = 



dim P (@\N t )=D(t) + l. □ 
4.3. Proof of Theorem H 

Proof. To (2): Let t G [7,T,7max)- For t' G (i,7max) and G "P(0) from Lemma [4] it 
follows v t ' (UfcGNi^t > V^}) = v t'{® \ Nt) ^ ft' (St') = 1) whence there is a G N s.t. 
v t'({tyt > 1/^}) > 0. Denoting the restriction of to this set by D t > we obtain dim#({</?£ > 
1/fc}) > dimjr(iV) ^ D(f) + 1 by [21 Theorem 2.1.5], as d„ t , = d Ut , = D(t') + 1 holds zV-a.e.. 
Therefore, dimp({<^£ > 1/k}) limt'x^ .D(i') + 1 = f (i) + 1, and it follows from the first 
product rule of [11| Theorem 3] that 

dim H (A t ) ^ dimp ({cp t > 1/k} x [0, 1/k]) > dim H ({<p t > 1/k}) + dimp([0, 1/k]) ^ D(t) + 2. 

On the other hand, Theorem [2] in conjunction with the last product rule of [1 H Theorem 3] 
implies 

dimp(A) < dimp (0\N t x [0, M t ]) < dim P (G \ Nt) + dim P ([0, M t ]) = D(t) + 2, 
so that dimp (A) = dimp(A) = D(t) + 2. 

To (1): Let t G (7min)7<T]- From (2) and Theorem [2] it follows dim P (^4t) ^ dxm H (At) ^ 
dim/f(w4 -) = D(^~) + 1 = 3, which finishes the proof. □ 
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